Problem Set 2 — Statistical Physics B

Problem 1: Thermodynamics
Consider a closed system with fixed internal energy FE, particle number N, and volume V.

(a) Combine the first and second law of thermodynamics to write down an expression for
dE. How are the pressure p, temperature 7', and chemical potential y related to E =
E(S,V,N)?

The Helmholtz free energy is defined as F(N,V,T) = E(S(T,V,N),V,N)-=TS(T,V,N).
(b) How are the pressure p, entropy S, and chemical potential y related to F = F(N,V,T)?
(c) Derive the three Maxwell relations for a system at fixed (N, V,T).

We now wish to describe the system in terms of the independent variables T', p, and N, i.e. the
volume is no longer an independent variable.

(d) Write down the relevant thermodynamic potential G(N,p,T') for this system in terms of
F(N,V,T). This is called the Gibbs free energy.

(e) How are p, V, and S related to G?

(f) From extensivity we can write G(N,p,T) = Ng(p,T). What is the physical interpration
of g(p,T)?

(g) Show that (Ou/0p)r = v, where v = V/N being the specific volume.

Problem 2: The Euler form of the internal energy

(a) Let f be a homogeneous function of degree 1. That is

Fut, ooy tun) = Af(21, .0y ),

for all A € R and u; = Az;. Prove Euler’s theorem
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(b) Consider the internal energy E(S,V, N) with dE = TdS — pdV + pdN. Use the result in
(a) to find the Euler form of the internal energy

E(S,V,N) =TS — pV + uN.

(c) Derive the Gibbs-Duhem relation
dp = —sdT + vdp,

where s = S/N and v = V/N.

Problem 3: The classical limit of the quantum harmonic oscillator

Consider a one-dimensional harmonic oscillator with energy states €, = hw(n + 1/2), with
n =0,1,2,... the quantum number enumerating the energy levels, w the angular frequency, and
h = 2mh the Planck constant.



(a) Explicitly compute the (quantum-mechanical) canonical partition function Z,(T') for this
system. What is the high-temperature limit for this quantity, where T' > hw/kp?

A classical harmonic oscillator is described by the Hamiltonian H (z,p,) = p2/(2m) +mw?x2 /2.
Here m is the mass, p, is the linear momentum in the x direction, and z is the amplitude of the
oscillator. The classical partition function is given by

1 oo o0
Z(T) = C'/ dpx/ dz exp|—(BH (x,py)].
—00 —00
We will determine the prefactor C' by imposing that Z.(T) equals Z4(T') in the high-temperature
limit.
(b) Compute Z,(T") explicitly. Does this quantity depend on m? Show that C' = h.

We conclude that
oo 1 00 [e'e)
> exp(—Ben) = [ dpe [ dv exp[-BH(z,p)
n=0 —o0 -0

in the classical limit Shw — 0. In other words, every volume element dxdp, of magnitude A in
the classical phase space accounts for a single quantum state.

(c) Connect this correspondence qualitatively to the Heisenberg uncertainty relation AzAp, >
h/2.

Problem 4: The mechanical interpretation of temperature
In this problem we derive a relation between the temperature and the ensemble average of
the kinetic energy. Consider a general Hamiltonian of the form

N 9
HpY. M) = K(p") + oV ith Kk =S 20,
PV, r") = K(p") + oY), wi ;m
(a) Show that

i <Pz’ : gf> = 2(K),

i=1 v

where the angular brackets denote the canonical ensemble average.

OH
o ) = kpT,
<p apia> b

with a = x,y, 2. Hint: use partial integration.

(b) Show also that

(c) Combine the previous results, to show that (K) = (3/2)NkgT. What is the generalisation
of this expression in D spatial dimensions?

(d) Does your result depend on the form of ®? Give explanations why.



